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Abstract
String backgrounds associated with gauged G/H WZNW models in general depend non-
trivially on α′. We note, however, that there exists a local covariant α′-dependent
field redefinition that relates the exact metric-dilaton background corresponding to the
SL(2, R)/U(1) model to its leading-order form (D = 2 black hole). As a consequence,
there exists a ‘scheme’ in which the string effective equations have the latter as an exact
solution. However, the corresponding equation for the tachyon (which, like other Weyl
anomaly equations, has scheme-dependent form) still contains corrections of all orders in
α′. As a result, the string ‘probes’ still feel the α′-corrected background. The field redef-
initions we discuss contain the dilaton terms in the metric transformation law. We also
comment on exact forms of the duality transformation in different ‘schemes’.
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1. General remarks on field redefinition ambiguity
String theory is effectively a non-local theory when represented in terms of the stan-
dard local fields. If ones uses the couplings ϕi = (Gµν , Bµν , φ, ...) of a 2d σ-model to
parametrise string backgrounds then the (string tree level) effective action S(ϕi) [1] or the
corresponding equations (σ-model conformal invariance conditions β¯i = 0) contain terms
of all orders in derivatives of the fields multiplied by powers of α′,
β¯i = κij
∂S
∂ϕj
= β¯i1(ϕ) + α
′β¯i2(ϕ) + ... = 0 . (1)
Since β¯i1 are of second order in derivatives, solving (1) perturbatively in α
′ we find
ϕi
∗
= ϕi1 + α
′ϕi2 + ... , ϕ
i
2 = −
[(∂β¯i1
∂ϕj
)
−1
β¯j2
]
(ϕ1) , ... , (2)
where higher-order corrections ϕi2, ϕ
i
3, ..., are in general non-local, being expressed in terms
of the leading-order solution ϕi1.
If the only information one uses is an on-shell string S-matrix, then the effective action
is defined modulo local field redefinitions (since they do not change the S-matrix) [2][3]
ϕi′ = ϕi + α′T i1(ϕ) + ... . (3)
Here T in are local combinations of the fields containing 2n derivatives. A similar ambiguity
(or ‘scheme dependence’) is present in the β¯i-functions.1 The redefinitions (3) should
preserve the structure of S and β¯i, i.e. should respect their symmetries (like general
covariance and φ → φ+ const). The transformation (3) changes the structure of higher-
order terms in S and in β¯i, e.g.
β¯i′2 = β¯
i
2 +
∂β¯i1
∂ϕj
T j1 , ... , (4)
1 This is not exactly the same as the scheme ambiguity present in the standard β-functions;
the redefinitions we consider are of more general type, see below.
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and, as a result, of the solution (2). The solution of the transformed equations will, in
general, remain a non-local functional of ϕi1.
It may happen that there exists such a special representative (or a ‘ special scheme’) in
the class of equivalent (redefinition-related) actions S or conformal anomaly coefficients β¯i
for which all higher-order corrections in (1) vanish on a particular leading-order solution
ϕi1 (so that this leading-order solution is actually an exact one). Then the solution for
a generic choice of S (or in a generic ‘scheme’) will be a function of α′ given by a local
redefinition (3) of the special scheme solution ϕi1. A well-known example is provided by the
parallelizable spaces [4] (in particular, by group spaces corresponding to WZNW theories
[5]) : there exists a special scheme [6][7] in which each term β¯in in (1) vanishes, being
evaluated on ϕi
∗
= ϕi1. The solution in a general scheme will be a ‘deformation’ of G∗µν
and B∗µν by local α
′-dependent terms (i.e. by a1α
′R∗µν + ... and a2α
′Dλ
∗
H∗λµν + ...).
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In the previous example the dilaton is constant in the special scheme and remains
constant in all other schemes as well. The situation becomes more subtle once the dilaton
is non-constant for a leading-order solution. This is the case that we will be interested in
below. We shall ignore all other fields in the theory, except the metric and the dilaton.
There exists a scheme [9][7] in which there is only one (R2λµνσ) α
′2-term in the effective
action
S =
∫
dDx
√
G e−2φ{
1
6
(D − C)−
1
4
α′[R+ 4(∂µφ)
2]−
1
16
α′2R2µνλκ +O(α
′3)} , (5)
where C is a total central charge. The corresponding equations are linear combinations of
the β¯i-functions
β¯Gµν = Rµν + 2DµDνφ+
1
2
α′RµλρσR
λρσ
ν +O(α
′2) = 0 , (6)
2 For group spaces this amounts to a rescaling of Gµν and Bµν by functions of α
′R (= 1
2
DcG/k).
This changes the distribution of contributions to the central charge [8] C = Dk/(k+ 1
2
cG) coming
from different loop orders in β¯φ. In particular, one can find a scheme in which Gµν is effectively
rescaled by k/(k + 1
2
cG) (which amounts to changing α
′ from 1/k to 1/(k + 1
2
cG)) so that the
whole central charge comes only from the ‘one-loop’ O(α′) correction to β¯φ.
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β¯φ =
1
6
(D − C) + α′[−
1
2
D2φ+ (∂φ)2] +
1
16
α′2R2λµνρ +O(α
′3) = 0 . (7)
In a general scheme the α′-terms in (6) and α′2-terms in (5),(7) will depend on a number
of free parameters, which enter the most general local field redefinition [2][7]3
G′µν = Gµν + α
′[d1Rµν + d2∂µφ∂νφ+Gµν(d3R + d4D
2φ+ d5(∂φ)
2)] +O(α′2) , (8)
φ′ = φ+ α′[d6R + d7D
2φ+ d8(∂φ)
2] +O(α′2) . (9)
Since Gµν and φ appear on an equal footing in the string effective action, it seems natural
to consider the most general local covariant redefinitions that mix them. Note that the
transformations of Gµν that involve the dilaton do not have an interpretation as corre-
sponding to a change of a renormalisation scheme in the standard σ-model β-functions.
However, since the dilaton is a coupling constant of a σ-model defined on a curved 2d
background [10], such transformations should have a meaning of changes of a ‘scheme’
corresponding to the conformal anomaly coefficients β¯i.
The transformations (8),(9) are to be understood within the α′ perturbation theory.
Consider, for example, the simplest case of the linear dilaton background [11]
Gµν = ηµν , φ = φ0 + nµx
µ ,
1
6
(D − C) + α′n2 = 0 . (10)
Making the redefinition (8), i.e.
G′µν = ηµν + α
′∂µφ∂νφF1(α
′∂φ∂φ) + ηµνF2(α
′∂φ∂φ) = c1ηµν + c2α
′nµnν ,
one can significantly alter the structure of the metric (for example, change its signature or
even make it degenerate) unless |α′n2| ≪ 1. Unless C = D (i.e. unless n2 = ηµνn
µnν = 0)
one cannot, strictly speaking, use the α′-perturbation theory since here the derivative of
the dilaton (or dilaton ‘momentum’) is not small compared with α′−1/2. One can, however,
3 One can ignore the term DµDνφ in (8) since it can be eliminated by a coordinate transfor-
mation along Dµφ.
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consider the linear dilaton background as a part of more general solution where α′n2 is a
free parameter.
With similar clarifications, we would like to suggest that the transformations (8),(9)
are perfectly admissible. The effective action S and the β¯i-functions should have a
background-independent meaning: the use of the flat space string S-matrix (or pertur-
bation theory near any other particular background) is a technical tool for establishing
the structure of S. Having determined it, one may relax all assumptions (such C = D)
about a background used and consider all solutions of the same background-independent
equations on an equal footing. Moreover, one is free to choose any representative in a class
of equivalent actions (related by field redefinitions of the general type (8),(9)) and use it as
a starting point. Different choices of the actions correspond to different off-shell extensions
of string theory. Unless one has an extra principle for fixing a particular one, one is free
to make arbitrary redefinitions like (8),(9).
2. Exact ‘SL(2, R)/U(1)’ solution and its relation to the leading-order D = 2
black-hole background
Let us now apply the above general remarks to the case of a particular D = 2 solution
of the bosonic string theory. Equations (6),(7) have the following leading-order (Euclidean
‘black-hole’) solution [12][13]
ds2 = dx2 + a2(x) dθ2 , a2(x) = tanh2nx+O(α′) , (11)
φ = φ0 − ln cosh nx+O(α
′) ,
1
6
(D − C) + α′n2 = 0 . (12)
For this background
R =
4n2
cosh2nx
, (∂φ)2 = n2tanh2nx , −
1
2
D2φ+ (∂φ)2 =
1
4
R + (∂φ)2 = 4n2 . (13)
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Since β¯φ in (7) is constant on a solution of β¯G = 0 (6) [14], one may keep n as a free
parameter by not imposing the central-charge constraint (7).4 Solving the two-loop met-
ric equation in the standard scheme, where it has the form (6), one finds the following
corrections [15]5
a2(x) = tanh2nx+ 2α′n2tanh4nx+O(α′2) , (14)
φ = φ0 − ln cosh nx+
1
2
α′n2tanh2nx+O(α′2) . (15)
It was found that in the three- [15] and four- [16] loop approximation there exists such a
scheme that the resulting solution reproduces the α′-expansion of the following generali-
sation of (11),(12) [17]:
a2(x) =
tanh2nx
1 − p tanh2nx
=
(1 + 2α′n2)tanh2nx
1 + 2α′n2(cosh nx)−2
, p ≡
2α′n2
1 + 2α′n2
, (16)
φ = φ0 − ln cosh nx−
1
4
ln [1 − p tanh2nx]
= φ′0 − ln cosh nx−
1
4
ln [1 + 2α′n2(cosh nx)−2] . (17)
This suggests that there exists a ‘standard’ scheme in which (16),(17) is an exact solution, in
agreement with the derivation of this background from the SL(2, R)/U(1) coset conformal
field theory [17] and the corresponding gauged WZNW model [18][19].6
The schemes for the β-functions considered in [15][16] were related to the ‘dimensional
regularisation plus minimal subtraction’ one by local redefinitions that did not include the
4 As was mentioned above, to avoid the question about the validity of perturbation theory in
α′ once (7) is imposed, we may assume that this background is a part of a more general solution
so that the total C and D are such that α′n2 is effectively small. To make α′n2 a continuous
parameter we may introduce, for example, a linear dilaton background (−n0t) in the direction of
an additional time-like coordinate so that n2 − n20 = 0.
5 The two-loop contributions to the central-charge equation cancel out. In the standard scheme
used in (6),(7) , the total contribution to β¯φ comes from the asymptotic large-distance value of
the ‘one-loop’ dilaton term (∂φ)2.
6 If one imposes the condition that the total central charge C = 2 + 6α′n2 in (7),(12) is equal
to that of the SL(2, R)/U(1) coset model, C = 3k/(k− 2)− 1, then the parameter α′n2 becomes
related to k: α′n2 = 1/(k − 2), p = 2/k.
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dilaton-dependent terms. The result of [15] was that it is in such schemes that the leading-
order solution (11),(12) is necessarily modified by the α′ corrections at higher loop orders
(with the two-loop terms having the unambiguous form (14),(15)).
The main observation we would like to make here is that the exact background
(16),(17) can be represented as a local dilaton-dependent field redefinition of the leading-
order one (11),(12). Given that (16),(17) is the exact solution in the ‘standard’ scheme,
this implies that there exists a ‘non-standard’ scheme in which the leading-order solution
(11),(12) is, in fact, an exact solution to all orders in α′. In such a scheme each of the
higher-loop contributions to β¯G vanishes separately on the background (11),(12).
Consider the following field redefinition in D = 2 (cf. (8),(9))
G′µν = Gµν + α
′∂µφ∂νφF1(α
′R, α′∂φ∂φ) +GµνF2(α
′R, α′∂φ∂φ) , (18)
φ′ = φ+ F3(α
′R, α′∂φ∂φ) , (19)
where the functions Fs are given by power series of their arguments. Taking
F1 = −2 +O(α
′) , F2 = 2α
′(∂φ)2 +O(α′2) , F3 = −
1
8
α′R +O(α′2) , (20)
one finds that (18),(19) computed for (11),(12) reproduce the α′-corrections (14),(15) to the
leading-order solution. This means that making the redefinition (18),(19),(20) in (6),(7)
one will find the two-loop equations corresponding to a ‘scheme’ in which the leading-order
solution (11),(12) remains also the solution in the α′- approximation.
The exact form of the redefinition that transforms (11),(12) into the α′-dependent
background (16),(17) is given by (18),(19), with7
F1 =
−2
1 + 12α
′R
, F2 =
2α′(∂φ)2
1 + 12α
′R
, F3 = −
1
4
ln (1 + 12α
′R) . (21)
7 It is interesting to note that the leading order correction term in (18),(21) −2α′∂µφ∂νφ is
precisely the same that appears (along with the dilaton term) in the determinant produced by
integration over the gauge field in the corresponding gauged WZNW action. This determinant
was computed in [20]. The term ∼
∫
∂µφ∂νφ∂ax
µ∂axν in the resulting 2d effective action can be
ignored in the leading one-loop approximation but contributes at the two-loop level (there will
be also other two-loop terms; the form of all such terms will depend on a computational scheme
used).
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This is readily checked using (13). As a consequence, there exists a scheme (found by
applying (18),(19),(21) to the ‘standard’ scheme) in which (11),(12) is an exact solution.
The main point is that the transformation between (11),(12) and (16),(17) can be rep-
resented in a local background-independent form. Note that the transformation for the
inverse D = 2 metric
Gµν′ = Gµνf1 + α
′DµφDνφf2 ,
f1 =
1 + 12α
′R
1 + 1
2
α′(R+ 4∂µφ∂µφ)
, f2 =
2
1 + 1
2
α′(R+ 4∂µφ∂µφ)
, (22)
takes a simple form on the leading order solution (11),(12) (denominators in (22) be-
come constant, cf. (13)) but still contains all higher order terms when represented in the
background-independent form (22).
Since the transformation (18),(19),(21) is invariant under constant shifts of x (e.g.
x → x + 12 ipi/n), it also transforms the dual to the leading-order solution (11),(12) (with
cosh replaced by sinh) into the exact background ‘dual’ to (16),(17). As a consequence, in
the ‘non-standard’ scheme in which (11),(12) is an exact solution, its dual in the sense of
the usual leading-order form of duality
G˜θθ = G
−1
θθ , φ˜ = φ−
1
2
ln G , (23)
is also an exact solution. Therefore, the duality transformation also has its leading-order
form in such a scheme. To find the exact (α′-corrected [21]) form that the duality trans-
formation has in the ‘standard’ scheme, one is to invert the transformation (18),(19),(21),
then apply the leading-order duality (23), and finally transform the result again with the
help of (18),(19),(21). The product of the three transformations will be given by a power
series in α′ and will relate, in particular, (16),(17) to its exact dual (with x→ x+ 12 ipi/n).
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3. Tachyon equation in a background
One is left with the question about the physical implications of the existence of a
scheme in which the leading-order background (11),(12) is an exact solution. While all
higher string modes have zero condensates for this solution one should look at linearised
equations for their perturbations in order to understand how the string feels the background
(i.e. one should perturb the conformal theory by marginal operators as ‘probes’). In
general, these equations (or corresponding Weyl anomaly β¯-functions) are linear differential
equations with background field dependent coefficients which are also scheme dependent.
It may happen that in the scheme where the background fields have semiclassical form
the equations for the ‘probes’ still contain α′-corrections of all orders. This, in fact, what
happens in the D = 2 case considered above: while the equation for the tachyon has a
simple form in the scheme where (16),(17) is the solution, it becomes complicated in the
new scheme. Being evaluated on the corresponding metric-dilaton solution, the tachyon
equation takes of course the same α′-dependent form in both schemes (coinciding with the
(L0 + L¯0)T = 2T equation of conformal theory approach [17]).
The tachyon β¯-function has the following general structure8 [22][23][24] (see also
[25][26])
β¯T = −γT +Wµ∂µT − 2T , (24)
where γ is the scalar anomalous dimension operator andWµ is the ‘diffeomorphism vector’
[24]
γ = Ωµν2 D(µDν) +
∞∑
n=3
Ωµ1...µnn D(µ1 ...Dµn) , (25)
Ωµν2 =
1
2
α′Gµν + p1α
′2Rµν + p2α
′2HµαβHναβ + p3α
′2RµαβγR
ναβγ + ... , (26)
Ωµνρ3 = α
′4q1DαR
µν
β γR
αβγρ + ... , Ωµνρλ4 = α
′4s1R
µαβνRρ λαβ + ... , (27)
8 Here we consider the case of arbitrary dimension D and include also the dependence on the
field strength H of a possible antisymmetric tensor background.
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Wµ = α
′∂µφ+Mµ(G,H) ,
Mµ = t1α
′2∂µ(H
2
αβγ) + t2α
′2Dν(HµαβH
αβ
ν ) + t3α
′3∂µ(R
2
αβγρ) + ... . (28)
The coefficients p1, p2, ... are obviously scheme-dependent. In the dimensional regularisa-
tion / minimal subtraction scheme p1 = 0 [23][24], the coefficients p2, t1, t2 can be inferred
from [7][26], p3 =
3
16
, t3 =
1
32
[27] and the four-loop coefficients in Ω2 and q1, s1, ... were
found in [28]. Thus if H = 0 the leading order (one-loop) form of the tachyon equation
β¯T = −
1
2
α′D2T + α′Dµφ∂µT − 2T = 0 , (29)
is not modified by the two-loop corrections in this scheme.
Let us now recall that the exact D = 2 background (16),(17) was found in [17] by
identifying the (L0 + L¯0)T = 2T equation of SL(2, R)/U(1) coset conformal theory with
the leading order form of the tachyon equation (29). The consistency of such identification
then demands that the scheme in which (16),(17) is the exact solution of the metric-dilaton
β¯i = 0 equations (which exists according to [15][16] in the four-loop approximation) must
be the one in which the tachyon β¯-function maintains its leading-order form (29). This, in
fact, is easy to check in the three loop approximation: the R2-term appearing in (26) in
the minimal subtraction scheme [27] is redefined away by the same transformation (from
the minimal subtraction scheme to the ‘standard’ one corresponding to (16),(17)) that
was found in [15].9 We expect that similar statement is true in four (and higher) loop
approximation (to get rid of higher derivative terms in (25) one will need also to redefine
the tachyon field). As a result, one can define the scheme in which (16),(17) is an exact
solution as the one in which β¯T takes the simple form (29).
In conclusion, let us emphasize that the existence of a local, covariant and background-
independent transformation, which, like (18),(19),(21), relates the leading-order solution to
9 Let us note that the expressions for the coefficients ai in terms of ci in eq.(23) of ref. [15]
had erroneously extra factors of 2.
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the exact one, is quite non-trivial (as we have noted above, a generic exact solution is non-
local, being expressed (2) in terms of the leading-order one). Equivalently, the existence
of a ‘scheme’ in which a leading-order solution is exact to all orders should be a property
of only a very special class of solutions. Given that the group spaces and now the simplest
SL(2, R)/U(1) coset model background belong to such a class, one may conjecture that
this is actually true for all solutions that correspond to G/H coset models, i.e. for all
σ-model backgrounds that originate from gauged WZNW theories.
However, this fact may have rather limited importance since the quantum string modes
propagating in these backgrounds will always ‘feel’ the α′-corrected solutions: the corre-
sponding equations will be equivalent to the (L0 + L¯0)T = nT - equations of the coset
G/H conformal field theories which depend non-trivially on the level k in all (bosonic)
cases with the subgroup H 6= 1. This suggests that the ‘standard’ scheme in which the
tachyon equation has the simple form (29) and the background fields contain 1/k correc-
tions of all orders is a ‘preferrred’ one being directly related to the conformal field theory
interpretation.
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